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* A Fundomental system of aeighborhosds is o collection of open set+s of X =+ yxeX, 3 open sets of Bx sh Wby eBx where bxd>X we have he folloving.
Ue T esVxeUl 3 beeB, s+. xebxal
(X T) is Firs+ Counreble if ¥x€X, 3 a cowmntable neighborhood basis.

*(X/T) is Sewond countoble if i+ admivs a Countable besis.
* A=iat(Ae= A is open A=A &DA is closed
- ler Gbe an infinite qmP. G is residually Finise (RF) if Vre6\ie 3, A a Finite goop Q & on epimorphism  x:6>Q S+ <(¥)HF .

~ Eapivalendly prepecty: I NG of Finite index s+ ¥eN
~Gis RF iff 45 Hausdorff with +he profinite +opelogy

* le+ £:X—>Yy be o function. TFAE

. N - = & . VxeX &open VY st foxyeV, 3
O £ is convinvous O] VYAcX, &a< FA) @V‘l"”d BeY, £(B)=X s closed ) Usx == £ueV. ren

“Lev £: XY be continueus & injective E consider F:XIFUICY endowed with +he subspace topolegy. IF 4his is & homeomorphizm +hen
£ s o +opelegical embe.dd-'n;‘
* Pasting Lemma: Le+ X=A DB with AB< X closed. Le+ £:4—>Y, 3:BDY be @aHnwews s+, ¥xednB,F00=900. Then we can deSine
o continvous Funcron hiX—>Y S+ hla=F, hlg=q.
*A collection of subsers S. X is colled locally Finite  if VxeX, 3 Usx s+ uNs<# 9% for Finively many o5
= Qual Question: IF lowlly Finite =3 have open Prpety of compliment

*Focts: @ Closed in compact is compact
@ compact in Havsdor®t is closed
lmaqe OF Compoet is compac
@ Continvous bijeckion From compock +o Nousdorff is homeomerphic

*Tube Lemma: Le+ XY be a preduck space wish ) compack. Les NS X*Y be on open Se+ contoining §x3xY. Then I W3%xd opea in X s+ NDWxY

* X is localy compact iFf 3y s OxsY @IY\)(I:I {"‘IPi“"‘/ coll #nis poins o) Qv is Compact & HausdockF
T Y is vaique vp 4o o homeomerphism  Hhat restrices FleX—=>X,

“ Continuous maps £,8'X —3Y arc homotopic if JF:X*T,—>Y Coatinuous Sk F(x,0)=F) ond F(x,)=Fo) VxeX
— Homotopy closses of paths crestes a qrovpeid
— Homotopy classes oF 10ops bosed o+ o Point Creates o 9o, T (X), +he Fundamental qroep.
—Loops are paths = colleckion of LT (0Iex 15 a grovpeid  (ge+ isomorphisms via Qi WKXe) =5 (X,%) 2683 L3 £
slet hi(X,%)—3(Y5). ha:T(X,x) =W (Y¥0) is hi¥I=Thof]
+ P:EIB Coninuovs surjeckion. UC R is evenly covered if w1 WVu, for open Vu, €ach oF which is homeomorphic +o U.
«PIESB is a covering map iF YbeB, 3 Usb open +har evenly covered
— Continvevs, surjecwive, locally homeo, & open mMaps. Not+ injecrive.
*Lebesque Number Lemma: Lew A be a covering of a medcic space (Xd). £ X is ompact, 3 §50 Sk ¥ BaX of diamiwes, 3 «e A s+ uce.
s Lifking lemma: Le+ P:ESB be o cover, e, CE with Ple)zbo. |§ F:Ts—3B is a path Storting at bo, A! |if+ F: I3 E beginaing at o
— Homovopy Lifting Lemmai  but F:TxL B =T is o homotopy of pats
—Con lif+ Sundamentel qroups, but o lith oF o 190p is only quararteed 4o be o Pash.
— Can cover $' (WG)22) by R (TU(M=€)
* General Lifting Lemma: PE—>B covering, F(ed=bo, £:Y B is continuous, F(v=bo. ( poth connected & locally poth connected Then I lif+ F:YE <4
To)zeo iFF £u(T(Yvo) S PalmlEeS).

“lex AC X, F:X34 Consinveus is a cetract i claz A,

— Deformation Rewroce (£ can homo+opicaly e+ From idx 4o +he retrock
- Seifer-Van Kampen: X= AUB open. T, ()X TARTE (< tore Xin ANB & compute C¥, '3g)
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* Genecal Lif+ing Lemma: PIE—IB cover w/ ples) =be, Y path connecred % locally Path d, £:y-58 i w/ £(¥)=be. Then IF:XSE (PoF=§) iFF

£y (Y, 99)) < Pe(TN(Ee0). This lifr is unique.
‘A cover P:E—>B is universa\ if T,(E)=1UR. Unique up +o €quivalence oF cevers.
‘les PIESB be o cover. An equivalence hiE =E with Peh=pP is called o covering/deck +renstormotion.  U(E,PB) makes a gop.
— Ho=Pu(T(E, &)
~ HodT(B,ke) iFF Ve,eaeP™'(be) I covering +runsformerion, h; 54 h(ed=ea.
« PE=WB cequior iFF Pu(T(eNA T(B)
P X-D%/c quotient map iFF GG x Properly discontinuously,
.Cov¢r.’.\5 Space of o 9faph is & gqraph
~Universal Covers ore +rees
+Every path in a geaph i homowpic +o o reduced edae path.
- MY, SH=F, © 1€ X is & goph +hen Tl is Free
*An A-simplex is the Convex hull of (m)-Poines in R™ in aeneral posivion (any 2 dont lie on o line)
a
+ Boundary map: a..-.c..w—a—n.\..(x) diven by Ante)=E e'ey |
.— kKerdn
Ha(X)= 5
*Simplicial Homology: X has A-complex structure. Cq(x):=free abelion QP qenersied by o : A" IX For Verying o but Fixed n.

e, 0 =¥l

= Tr.‘ansulaq-e
— Orient edges Dased on Vertex (abels
— Compure Boundery maps =>Compure Homology
[-Sir\sulnr Homology : Singular a-simplex s o con+invous map oo —IX. (“s;nguw"gmn,, not be. i,\;““,,g)
— Same idea as Simplicial
| o Chain Complex is a collec+on of abelian grovps §Cadnzo with grovp homom orphisms  dai Ca—> Cn_,y
[ -Relative Homology: Ca(X,A):= C"w/cn(“
—LES: S HaU) 5 Ha (%) 355 Hox) Eotoutir s Whese L is the inclusion, § is sunjective, §1Halk A —SHa(A)  GA>[od
— (X,A) is a good paic i A s closed & 3\ open, ACVC X, +har deFormotion cetracts +o A.
— Then 3:X-3X/A induces Hﬂ(x,A):;sH,.(x/A,AM)
— ln reduced homology Halx,4) = Ha(%,A) (ot aced pair=> Ha(44)= 0
=
+Excision: IF 2 CACX s+ BCint(A), then +he indusion (XNZ,ANBIC _5(X,A) induces isomorphisms  Ha(X\Z, ANT) =25 Ha(x,A)
— Equivalently: for ABEX  wish X=iat@)|Jint(B) t+he inclusion (B,ANB) <3 (x,A) induces isomorphisms Ha(B,ANB) S H,(x,A)
¢ Given @ =[Ve,v] a-simplex wish r=i§.*i"i }%‘:;z-"?, +he bacicentec 0OF o is b=£ﬂl AR
* Boricen+ric Subdivision of ¢ is defined as Follows:
D Subdivide evey foace of o ¥ all of +hese Faces by induction.

OFor each n+i-simplex oW} of the subdivision of +he Face oF o, [bio,wndl i5 a simplex of the subdivision oF o

¥l o
—Subdivision Opgator: 3:Ca(0 200 arsToly mehes
o e U

TEST ST Ha(3VZZ =S HA) SHAY) 1 d. dea®)izd

(@) degidd=l ® ¥ o+ suriective => deg®=o @ =9 >deg¥)=dea(s) @) den(fo9)= deaesydeacs)

© Reflection +heough hypesplone throvah 3 = dea@)eni @) 1§ €00=-x (antipodal), dead= 1" (@)  hos no Fixed points => degsy=(0""
* Cellvlar Homoloqy: dn(ex) = g- dupen’  dupi= deg(si > X 5sa’)

;e:
7 b =
—Ex:X= @ .,.g_)g%? oz ‘exze%f»o XY (= Y-x  dual boondery of « —> (T deied P=) oF 2 FEEEE=) dlesl
3, (€3) =a+e Ker(d)=Catb> =D Im(32) = <a+b> =D ker(33) =0 Im(3) =<x=¥> H.= 2, H=0,Ha=0

* The Evler cChoracteristic of a CW complex X is  X(X)= & (1" 3 of n-cells

[+ Mayer —Viatoris: X= intA) Uint(B). 3 LES. ~Ha(ANB) => Ha(A) @ Ha(B) = Ha(X) = H,(ADBY —> -+
X (%%) XDy X+y
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The Partal derivative eperators on 23—’“‘?/"»%@ forms o basis For  Tp .
* A differentiable map TN M is on immersion VXN T iTeN— TipyM is injective.

* An immersion is an embedding if i+ also a +opolegical embedding.

a_ X .
*N CM is o a-dimensional submanifold iFF VpeN T o chort (U, @) around P, €:U—U'CR™ = rR"thKJ S+ ‘?(Nf\ u)= u’'n(R” x $0% x"'*id)
“A vector bundle is o +iple (E,T,X) where

D TE->X is Oinvous @ VxeX, BT is & K-dim vector space. BvxeX, 3 mbhd U & homeo Frly—suxRE 4
(€,u)=Bundle chars E =:Total Space Ex =:Fiber W) Huxre local
—E'CE is a subbundle provided VxeX, 3 bundle chare W with FTWNE') = Ux REx {olx-xge} 1\'\ vt t/?"*‘: +rivial ii—y)

—Given 2 vector bundles E,E' over X, a continuoos map FESE' is & bundle homemorp¥sm iF E—>:) E' & He B b is linear.
N 9
—Ronk Thm: Let+ F:E-F be o bundle h prism w/ ¢ + rank K (ce(lp)=n), TR
VxeX, 3 bundle chorts (QU) for E = (Y,U) for F s Yofo v"l,,,p(v.,»--,v..)-.(v.,...,v.q-.-(v.,..., Vi, 049).

*A sec+i0n is a continvous map T :X—DE s+ Too =idy
—A\Wl secHons are embeddings.

*A Vector Field on o SMoosh manifold is a smooth section ofF TM, X:M—DTM  mIXMETLM
‘let+ BZB be ordered basis oF on n-dim vecror space,V. They have +he Seme orientarion if +he lineor map BT has determinant >0
—An orieatasion of E is a Comily of ofienasions o0 Fibers +has are locally Constont. (+hink cylinder vs msbivs bad)
—M simply connected =D orientoble
* A Riemannion metric § 00 a semoeth vecsor buadle (E,MM) is o choice of smoothly Vorying inner producks on Fibers oF E.
—A Riemanrnion Manifold is a Smooth maifold o/ o Euvclideon metric on TM.
‘A Fomily § T3, 4 of smooth Functions, TaMS3D], s called a partivion of unity i# YxeM, 3 abhd Uxdx St Tu|u O, excepr for Finitely many
®5 % .:':‘A_t-(EL (o sysiem of weighted averages)

“A partition of uoity §TSucd is Svbordinate +o cover U Pprovided Ve A I uceU s+ Supp Ta < Uar.
—Every open cover OF evey Smooth Mani¥old has a  subordinate  pockition of unity.

- laverse Function Theorem: Let FiM-3N be smooth, peM, & TpF:T,MITeN be on iso. Then 3 connected abhds Wedp & VodFce) st Fly o>\ is diffeo.
*A Smooth maep is & svbmersion iff all of irs differentials oce onto (ie. TpF is onto VpeM)

‘Given B:MIN smoovh, XM is a regulor peint iFF T B is onto. Else X is o critical point.
—VeN is a teqular valve of F iFF BT consists only of regular peints. Else itk o CCitical volve.

‘Sords Theorem: If ZE:M—N is smooth then almost every volve is requler,
— W XoeM is reguler for BM—SN, 3 abhd UdXo 3 T, is cequler

~Resylor Valve Theorem: £ E:M—>N is smooth & ve BMCN is a cequler valve, Hen T7V) is an embedded Submanifeld of M
with Ccodimension = dim(N).

‘let FM™_3N" be a svbmersion. Then
©F is an open B Evecy pointin M is in the image OF o Smoot locally defined secon of F. O F surjective =>1si a qvotiens mep.

‘Le+ F:M—N be smooth & SCN be a Submenifold. Fis +roverse +o S iff Vx &F™(s), spmiTF(,os,TF,‘(T‘m3=Txu

+roverse not trowesse
— Le+ F:MON be smocth. If Fis 4ronsverse +0 S +hen F"(s) is & submaniFold of M whose codimeasion is equal +o codim(s)
- ~ 2T e
Moreover, V(FT(s) ZF*(V(s) ¢
an+

an
‘Whitmey Embedding Theorem: Every smooth a-maifold can be embedded inte R % immersed into R

A fomily oF subsers  §Cal.es ofF X is locally finive iFF VxeX, 3 abhd Wx S+ WxOCa#E @ For Finively many CasS.

sler U=qUBaey md V=1Vlap be open covers 0n X. Vis a cefinemens of U i ¥ vae®V, 3 U e U 5v. Vo
A topological space is parecompoct if every open cover has o locally Finive refinement;

‘Every open cover of every Smoo+h monifold has a subordinete partion of unity

“Evelid bomp & A 13 ¢® £ ‘R" - §V on Be,n
_ :: Wi V; is af-cn “good u\.er"% Aama%c."rf i:ncﬁ)t:\- {o on RNBd A0
MiM—=e,il Aidw, =l & seppdV;
*Whitney Embedding Theorem (Compact cose): Le+ M be o compack
n-manifold. Then JI ¢mb«\4'-~3 My H % immersion M cyrR>*"
*A smooth R—ccton on M is colled o £low. For ony curve <x=tf-:r;:::; is caled o flow line of o +Hhrovah XK.
‘A Velocisy field is a vector field Z X CxS) +has generares +he flow ©.

‘A Lie Grovp is Simultaneously a qrevp and o Smooth menifold.

—The Lie govp ackion XE>3% is a diffeomorphism.

—AcHon is effective if ker(h)ze (“Foithiol”) —For PeM, an isotopy is Gp=%3€G|3P=F3 (“Siablizert)

‘A Lie bracker of X Y in X(M), is +he map [X,¥]: CM-ICM deFined by Dpy)(F)=DyDyf - DyDxk
= Properties | @Bilinsar: BV X] = sBix1bBuxd B Ansizsymoeteic: LV WI=-buid  © Tacobi ldentisy: [V, bo]) + [e/Bn) + [W, il =0 @ TV, 3= HE4w]+ED3)W- @DV
‘A Lic alaebra is « Vector space 9) w/ multiplication [J:9x G—>9 Ssatisfying @Bilinesridy (B) Ansi-symmetry © Tacobi ldewty



