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• A fundamental system of neighborhoods is a collection of open sets of X S.t.
#

VKEX
, I open sets of Bx St

. V-b×eB× where bxzx we have the following .

UET ←→V- KE U F bxEB× Sit
. KEBXCU

• ( X ,T) is first countable if Fsc EX, I a countable neighborhood basis
.

-

•(X,T) is second countable if it admits a countable basis
.

-

• A = int (A)e> A is open A=I←→A is closed.

• Let G be an infinite group . G is residually finite (RF) if f8EGh{e ? I a finite group Q & an epimorphism x : G→ Q SH
. x ( 8) # Eg

- G l .

- Equivalently property : F N OG of finite index sit. TEN
- G is RF iff it's Hausdorff with the profinite topology

• Let f:X→ Y be a function . TFAE
① f is continuous ② FACX, FCATCFCAT ③ f closed BCY, f- ' (B) CX is closed ④ VKEX & open ✓CY s-t. fix) EY

,
I open

U 7K St. f- ( U) CV.
• Let f :X→Y be continuous & injective & consider f :X→f- (x)CY endowed with the subspace topology . If this is a homeomorphism then
f- is a topological embedding.-
• Pasting Lemma: Let X=AUB with A ,BCX closed

.
Let f : A-→ Y

,
g :B→ Y be continuous St

. FxEAnB, fix)=9Cx) . Then we can define

a continuous function h :X-94 Set
. hla=f, hlB=g .

• A collection of subsets sa CX is called locally finite if V-KEX
,
I Uzx St. Uh Sa# 0

-
for finitely many x 's

.

- Qual Question: If locally finite ⇒ have open property of compliment.

1. Facts : ① closed in compact is compact
② compact in Hausdorff is closed.
③ Image of compact is compact
④ Continuous bijection from compact to Hausdorff is homeomorphic

• Tube Lemma: Let Xx Y be a product space with Y compact. Let NCXXY be an open set containing { Xo}xY. Then I Wz{ Ko} open in X St
.
NJWXY

.

• X is locally compact iff F Y S-t. ① X EY ②171×1=1 ( typically call this point D) ③ Y is compact & Hausdorff
- Y is unique up to a homeomorphism that restricts fly:X→X

.

• Continuous maps f,f
'

:X→ y are honest if I F : XxIt- Y continuous S.t. FCK, o) = FCK) and f-( x , 1) =f'Csc) FKEX
- Homotopy classes of paths creates a groupoid| - Homotopy classes of goop, based at a point creates a group, y, ,× , , +he fundamenmg.ae#

- Loops are paths⇒ collection of {IT, (x)},ce× is a group oid (get isomorphisms via I :P, IX.Ko)→ IT, (X ,>c.) ICE]= [I] Cf][a] )
• Let h : ( X , Ko)→ ( Y

, yo) . ha '. IT, (X,Ko)→ IT, (Y, yo) is h * [f) = (h of]

/
o p : C-→B Continuous surjection . UCB isee if P

-' (a) = YVa , for open Va , each of which is homeomorphic to U
.

• P : E→B is a covering map if Fb EB , F Usb open that's evenly covered
-

- continuous
, surjective, locally homeo, & open maps . Not injective.

• Lebesgue Number Lemma: Let t be a covering of a metric space (X, d ). If X is compact
,
I 8, >0 Set

. f U CX w/ diam cases , 7 a C- A St
.
Uca -

g. Lifting
Lemma: Let P: C-→B be a cover

, eo EE with pceo)=bo. If F. Is→B is a path starting at bo, F ! lift F : Is→ E beginning at Eo .
- Homotopy Lifting Lemma: 9 but f : Isx It→B ⇒I is a homotopy of paths

- Can lift fundamental groups , but a lift of a loop is only guaranteed to be a path .
- Can cover S

'

(Tics' ) --E) by IR (Thick) --e)
• General Lifting Lemma : P : C-→B covering, Pceo)=bo , f :'(→B is continuous , f-( yo> = bo . Y path connected & locally path connected . Then I ! lift F : Y→ E St.
I (yo) = Eo iff foo (Ti, ( 4. yo)) Cps (Th (Eieo)) .

et
• Let AC X

,
r :X →A continuous is a retract if rla=A

.

- Deformation Retract if can homotopically get from idx to the retract
.

f. Seifer-Van Kampen : X= AUB open . IT, ( x) I M⇒*n% (N -- take 8in AnB & compute cnn.cz
- '

3,3)
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• E - E ' if I 4 : ETE 's.t. E§§
'

I
° General Lifting Lemma : p : E→B cover w/ pceo) =bo, Y path connected & locally path connected, f :Y→B continuous w/ f-(yo)=bo. Then IF:'(→ E (poI=f) iff

f-* ( IT, ( Y, Yo)) CP# (IT, ( E,eo)) . This lift is unique .

I • A cover p : E →B is universal if IT, (E) ={I}. Unique up to equivalence of covers .

I
. Let P : C-→B be a cover

. An equivalence h :-C→ E with Poh =p is called a coveringldecktransformatiy.GE, PB) makes a group .
- Ho =P* (TICE

, Eo))
- Hoo IT, ( B, bo) iff te.,ezEP

-'( bo) I covering transformation , h , S.t. hee,)=ez .
n p :-[→B regular iff pact, CE))O Ti ( B)

o p : X→XIG quotient map iff G @ × properly discontinuously.

) . Covering space of a graph is a graph
- Universal covers are trees| . Every path in a graph is homotopic to a reduced edge path.

I
. IT, ( If, s

'

) 'En . If X is a graph then Tick) is free

/
• An n -simplex is the convex hull of cat ,) -points in IR't ' in general position (any 3 don't lie on a line)
• Boundary map: 2 : Cn Cx)→ Cn -thx) given by Jack )=.IO#li0a/cvo,...,vi....,vny-HnCx):=ker2nImJnt1
1.Simplicial Homology : X has O- complex structure. Cn (x) : = free abelian group generated by q : → X for varying x but fixed n .

- Triangulate
- Orient edges based on vertex labels
- Compute Boundary maps ⇒ compute Homology

f. Singular Homology : singular n - simplex is a continuous map o :O
-→X

. ("Singular"⇒may not be injective)
- Same idea as simplicial

/ o Chain complex is a collection of abelian groups {Cn}nzo with group homomorphisms Jn : Cn→ Cn-,

I • Relative Homology : Cn (X, A) '- = Cn day

- L
. E. S. : r - -→ Hn CA)#Hncx) Hncx,A) Esha,#→ . . .

Where I is the inclusion
, j is surjective, S : Hncx, A)→ Hn-i (A) G)↳Can]

- ( X
,
A) is a goodp if A is closed & 3- V open , ACVCX, that deformation retracts to A .

- Then j :X→XIA induces Hncx,A)→ Hn(XIA , AIA)
- In reduced homology HTCX

, A) I Hncx,A) (not good pair⇒ HICKA) IO)

• Excision : If ZCACX S.t. IC int CA )
,
then the inclusion ( X ' Z, A-'Z)↳ (X. A) induces isomorphisms Hn ( XLZ, ALZ) # Hn (X, A)

- Equivalently : for A,BCX with X= int CAI Vint (B)
,
the inclusion (B, Ah B)→ ( X, A) induces isomorphisms HNCB , AnB) ~→Hn(x.A)

• Given 0=00
.
. . ;Vn] n -simplex with o={ Foti.Vi/¥i¥? Yi} , the baricenter of o is D= If, # Vi

- terribly of o is defined as follows :

① Subdivide every face of o & all of these faces by induction.

② For each htt - simplex [Wo
,
. . .,Wn] of the subdivision of the face of o

,
Eb, Wo, - - i.Wn-D is a simplex of the subdivision of 0

.

↳c-
non

-
empty

- Subdivision Operator : S :c, (x)→ c.Cx) a- Eo
n
-
simple

of

the j
• f:S'→ s? Hn (5) Zz ⇒ f-* i. Hhs' )→ Hscs ') I↳ d

. degcf ) : =D
-

② degli d) =/ ⑤ f not surjective⇒ degcf) - o ② f=g ⇒ degcf)= degcg) ④ degcfog)= degcfjdegcg)

② Reflection through hyperplane through 8 ⇒ deg =-I ① If f- (x)= - X (antipodal )
, degcf ) =L-15+1 ⑤ f has no fixed points⇒ deg(f) =L- t)

't'

f. cellular Homology : 2.lean )=§ daises" das degc → x
"
→SI" )

"
n

Zea

- Ex :X = ! - - -o→gBa2⑤?g⇒ ¥+07460 2. ca>=x-y 2. (b) = Y - x daa: boundary of a → ( 7.7%471,3%7) =/ (90%800-d) dab-_ I
↳ ( e5 ) =atb kerb ,)= Satb> ⇒ lm( 22) = cats> ⇒ Kerbs)=0 Im ( 2.) = ex - Y > Ho 2 , H.IO, HEO

• The of a CW complex X is XCX) = En C-IT . # of n-cells

I. Mayer -Viator is : X= intCA) VintCB) . I L.ES
.

. - - → Hn (AAB)→ HNCA) ④ Hn(B) → Hn (X)→ Hn. ,(An B)→ - i -

K t> (x,-X) xtoytsxty
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• The partial derivative operators on {Fx, Ip, . . . , alp} forms a basis for TpGp.

• A differentiable map I :N↳M is an immersion iff the EN Tix :T×N→ Tica, M is injective .

• An immersion is an embedding if its also a topological embedding .
n ntk

• N CM is a n - dimensional submanifold iff FPEN I a chart cu, 6) around p, y :u→uElRntk=1Rn×1Rk
,
S.t. y(NAU) = U'n ( IR

"

x { o} X - - - ×{03)
I • A Vectorbun is a triple (E. IT, X) where

① IT :-[→x is continuous ② FKEX
, Ex : IT

- '

CK) is a K- dim vector space .
③ VKEX

, I nbhd U & homeo fit
-'
cu,→Ux IR

"
S.t.

f
(f. u) Bundle chart E =:Total Space Ex = : Fiber Tl

- '
( U)→ UXIRK local

- E
'

CE is a subbundle provided tkex, I bundle chart (f
,
u) with fit

-

Yu, NE') =u×iRk×{o3× . . .×{o} *
① 6PM ' (triviality )- u

- Given 2 Vector bundles E
,
E
'

over X
,
a continuous map f :-[→E

' is a bundle homomorphism if E#E
' & flex:Ex→Ek is linear.
- O*

× KIT
'

- Rank Thm : Let f :-[→F be a bundle homomorphism w/ constant rank K (rklfl Ex) - K) .

FKEX
, F bundle charts (4,4) for E & ( 4, U) for Fst. Yofo 4-

' I ,c×iRm (Vi, ' - 'svm) = (Vi, - . -, Vic) = (Vi, . . ., Vic, o, - .-, o) .
• A section is a continuous map o :X→ E St

. Too = idx
- All sections are embeddings .|

- A Vectorfie on a smooth manifold is a smooth section of TM
.
X :M→TM ml→XCm)ETmM

• Let B&B be ordered basis of an n -dim vector space, V. They have the same orientation if the linear map L:B↳B has determinant >O.

- An orientation of E is a family of orientations on fibers that are locally constant. (think cylinder vs Mobius band)

- M simply connected ⇒ orientable

• A Riemannianme.tt# g on a smooth vector bundle ( E. IT, M) is a choice of smoothly Varying inner products on fibers of E .
- A RiemannianManifo# is a smooth manifold w/ a Euclidean metric on TM .

• A family { To}aef of smooth functions
, Ta : M→ Co, I]

,
is called a partition, if VKEM, I nbhd Use 2K S.t.TL/u,c-=0, except for finitely many

25 & SETTLE l . (a system of weighted averages)

• A partition of unity { Take-1 is subordinate to cover U provided FaEA F Ua EN S.t. Supp Ta C Ua .
- Every open cover of every smooth manifold has a subordinate partition of unity .

• Inverse Function Theorem : Let F:M→N be smooth
, PEM, & Tpf : Tpm TpN be an iso . Then I connected nbhds Hosp & Vo 3-fcp) St. F)yo:Uo→Vo is diffeo

.

• A smooth map is a submersion iff all of its differentials are onto ( i.e . Tpf is onto V'PEM)

• Given Io :M →N smooth , KEM is a regularpoint iff Tx Io is onto . Else k is a critical.

- VEN is a regular value of TE Iff Io
-'
(v) consists only of regular points. Else its a critical.

-

•Sard 's Theorem : If Io :M→N is smooth then almost every value is regular.
- tf ko EM is regular for IO '-MTN

,
F nbhd U 3- Ko S.t. Iola is regular.

- Regular ValueTheorem : If Te:M→N is smooth & ve Iocm)CN is a regular value, then I
- '
(V) is an embedded submanifold of M

with codimension = dim(N) .

• Let F.Mm→N
'
be a submersion . Then

⑨ F is an open ⑤ Every point in M is in the image of a smooth locally defined section of F. ② F surjective Its a quotient map.

• Let F. M→N be smooth & SCN be a submanifold . F is traverse to S iff Vic EF
- ' (s)
, spas{Tfc S, TF,cCTxM)3=T×N

rtraverse not traverse

- Let F :M→N be smooth . If F is transverse to S then F-
'
( s) is a submanifold of M whose codimension is equal to cod.im (s)

-
Moreover, UCF

-YS)) f- * (Dcs)) pullback

• Whitney Embedding Theorem : Every smooth n -manifold can be embedded into 1122^+1 & immersed into IR

• A family of subsets { Ca}aeA of X is locating iff FXEX, I nbhd Wx S.t. Wx Aca # 0 for finitely many Ca 's .

• Let U={Ua}aeA and H={Vs}seB be open covers on X . 91 is a refinement of N iff t KEN, I UL EN St
. Vsc

• A topological space is paracompact if every open cover has a locally finite refinement
.

1¥01 ,• Every open cover of every smooth manifold has a subordinate portion of Unity y
'" "dean .

e.
lo' : Boss * o

Xi '-M→ co , D Xilwi El & suppl C Vi /
• Whitney Embedding Theorem (compact case) : Let M ' be a compact 1/1/1

n - manifold . Then I embedding M↳ 1122^+1 & immersion M↳ 1122 '
grp
,
action

• A smooth IR-action on M is called a ftow. For any curve Cx : tract, x) is called a flowline of ⑦ through X .

• A velocity field is a vector field Z : Xtcxco) that generates the flow ⑦ .

- -

• A Lip is simultaneously a group and a smooth manifold .

- The Lie group action Xl→gx is a diffeomorphism.

- Action is effective if Kerch) --e ( ''faithful ") - For PEM, an isotropy is Gp={gEG/gp=p} ("Stablizer")- -

"A Lie bracket of X & Y in XCM), is

2h

- the map CX ,y] : PM→ COM defined by Day]f)=D×Dyf - DyD×f
- Properties : ⑨Bilinear :[avtbw,X]=a[Yx]tbCw,x] ⑤Anti -symmetric :[V, W]= -Cw,v] ② Jacobi Identity :C, Cw,X]]t[x,[YW③t[W, N]]=0 ④EV,9W]=fgGw]t(fDrg)W - (gDwf)V-

-

-A Libra is a vector space 9 w/ multiplication [,] : Fx 9→g satisfying ⑨Bi linearity ⑤ Anti - symmetry ⑥ Jacobi Identity


